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Fig. 12 — Strain in CFRP tendon according to post-tension loading: (a) Damage-strengthening; (b) No Damage-

strengthening [1 kN = 0.22 lb] 

 

                 

Fig. 13 — Failure of the girder specimens 

 

 

Fig. 14 — Strain distribution in anchored end [1 kN = 0.22 lb] 
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Fig. 15 — Strain distribution per loading stage (central section): (a) Control; (b) Damage-strengthening; (c) No 

Damage-strengthening. [1 mm = 0.039 in]. 
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Synopsis: In order to establish a numerical analysis method to provide an improved estimate of the dynamic 

response characteristics of reinforced concrete (RC) beams strengthened with near-surface mounted (NSM) 

Aramid FRP (AFRP) rods under impact loading, a method using fictitious tensile strength of the concrete elements 

based on an equivalent tensile fracture energy concept (Gf) was proposed. Applying this concept for the concrete 

elements, an elasto-plastic dynamic response analysis of the RC beams under impact loading was carried out using 

a fine mesh for a more accurate evaluation of the crack patterns and for a more realistic consideration of the 

strengthening effects of AFRP rods. The applicability of the method was investigated comparing with the 

experimental results. Here, configurations of the time histories of the impact force, the reaction force, the mid-

span deflection, and crack patterns occurred in the RC beams were used for this investigation. From this study, it 

was seen that the RC beams strengthened with NSM AFRP rods under falling-weight impact loading can be better 

simulated using fine meshes with fictitious tensile strength for concrete elements following proposed Gf concept. 

Here, the case of using a fine mesh having a length of about 6 mm gave appropriate results. 
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INTRODUCTION 

In recent years, to upgrade the flexural and/or shear load carrying capacity for the existing reinforced concrete 

(RC) structures, the fiber reinforced polymer (FRP) composites are widely used over the world. In the last two 

decades, a number of experimental and numerical studies have been carried out to investigate the flexural response 

of RC beams strengthened with FRP composites [1-6]. The authors have conducted many static loading tests on 

RC beams strengthened with externally bonded (EB) FRP sheet and/or a near-surface mounted (NSM) FRP rods 

[7-11]. In addition, the authors numerically analyzed the sheet debonded phenomenon due to a peeling action of 

the tip of diagonal crack by means of 3D-FE analysis [12]. Many of these studies focused on the behavior of RC 

structures strengthened with FRP materials under static loading, which have been comprehensively studied and 

presented in the literatures [13-16]. However, the numerical studies on dynamic behavior and/or responses of the 

strengthened RC structures with FRP materials under impact loading were relatively limited [17]. 

 

On the other hand, in the mountainous areas and/or coastlines in Japan, many rockfall protection RC galleries 

have been constructed over the highways to protect transportation networks and human lives from falling rocks. 

However, the impact energy of falling rocks tends to be increased due to aged deterioration and recent weathering 

of slopes. Therefore, it is necessary to improve the impact-resistant capacity of these RC infrastructures. As a 

strengthening method for the structures under impact loading, the methods using FRP composites were 

experimentally investigated by the authors [18, 19]. From the results obtained from these experiments, it is 

confirmed that the impact-resistant capacity of the RC beams can be better improved applying the Aramid FRP 

(AFRP) rods NSM method than the EB AFRP one [19]. However, to establish a rational strengthening method 

for RC beams, not only experimental but also numerical studies should be considered. 
 
From this point of view, in this paper, proposing a numerical analysis method for RC beams strengthened with 

NSM AFRP rods under falling-weight impact loading, the applicability was investigated comparing with the 

experimental results [19]. Here, to better simulate dynamic response characteristics of these RC beams, the crack 

patterns and crack width should be accurately analyzed numerically, and then the interaction between the AFRP 

rod and the concrete elements should be given more consideration. To accomplish these, an equivalent tensile 

fracture energy concept for a concrete element [20] was applied in this study. Here, the LS-DYNA code [21] was 

used in the numerical analysis. 

EXPERIMENTAL OVERVIEW 

Two types of RC beams were used in this study as shown in Table 1. Beam N was a control beam without 

strengthening and Beam R were strengthened with NSM AFRP rods. In this table, the nominal names of specimens 

were designated using the strengthening procedure (N: without strengthening, R: applying the AFRP rod NSM 

method), and selected falling height (Hn) (n: falling height in metric unit) of the falling weight. The estimated 

free-falling height (H’) was evaluated using the measured falling velocity of the weight just before impacting the 

upper surface of the beam. 

 

Figure 1 shows the dimensions of the beam, layouts of rebars and of the AFRP rod. The beams have a rectangular 

cross section of 250 × 200 mm [10 × 8 in] (height × width) and a clear span length of 3.0 m [120 in]. The AFRP 
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rods were mounted on the tension-side near-surface of the beams leaving 100 mm [4 in] between the supporting 

point and the end of the rod as shown in Fig. 1. The two deformed steel bars each of diameter ϕ = 19 mm [0.76 

in] were placed in the upper and lower fibers, respectively, and were welded to the steel plates of t = 9 mm [0.36 

in] thickness at the ends of the beams. Stirrups of diameter ϕ = 10 mm [0.4 in] were placed every 100 mm [4 in]. 

The yield stresses of the rebars D10 and D19 were 462 and 382 N/mm2 [67.0 and 55.4 ksi], respectively, obtained 

from coupon tests as shown in Table 2. Mechanical properties of the AFRP rod used in this study are listed in 

Table 3, where these values were nominal ones. The compressive strength of the concrete at the commencement 

of the test is listed in Table 1. 

 

Falling-weight impact tests were conducted by dropping the weight from a prescribed height onto the mid-span 

of the beam using the impact test apparatus as shown in Fig. 2. The weight consists of a solid steel cylinder 

installed load-cell and the mass of the falling weight was 300 kg [675 lb]. The RC beams were placed on the 

supports equipped with load cells for measuring the reaction forces and were clamped at their ends using cross 

beams to prevent lifting off. The supporting jigs are able to rotate freely while restraining horizontal movement 

of the beam. The falling weight was dropped vertically via the linear guide rails at the mid-span of the beam. 

 

Here, the time histories of the impact force (P), the reaction force (R), and the mid-span deflection (D) were 

measured. The axial strain distributions of the AFRP rod were also measured. The mid-span deflection (D) was 

measured by using a laser-type linear variable displacement transducer (LVDT) with a maximum stroke of 200 

mm and a measuring frequency of 915 Hz. These output data were continuously recorded by using digital data 

recorders with a sampling time of 0.1 ms. After each test, the residual deflection was measured and crack patterns 

observed on three surfaces of the beam were sketched. 

OVERVIEW OF NUMERICAL ANALYSIS 

Numerical analysis model 

One quarter of each RC beam was three-dimensionally modeled considering two symmetries with respect to the 

mid-span cross section and the central surface in the widthwise direction of the beam. Figure 3 shows the mesh 

geometry of the Beam R as an example. In this model, concrete, axial rebars, and AFRP rods were modeled using 

eight node solid elements and stirrups were modeled using beam elements. The AFRP rods, axial rebars and 

stirrups were assumed to be bonded perfectly to concrete in this analysis.  

 

The falling weight was modeled precisely following the real shape. In total, about 376,000 nodal points and 

351,000 elements are used for modeling the whole structure including the experimental apparatus. To take into 

account the interactions between the upper surface of the beam near the mid-span area and the impacting surface 

of the falling weight, and between the upper and lower surfaces of beam near the supporting points and the 

supporting jigs, the contact-surface elements were defined for those elements in which slide, and contact/non-

contact states of these elements can be considered. Friction between each of the two contact-surface elements was 

ignored. Nodal points along the centerline of the bottom surface of the supporting jig elements were rigidly fixed 

so as to be able to rotate freely following the actual conditions of the test. For simplicity cracking was evaluated 

using a smeared cracking model. 

 

The beam was analyzed by inputting an actual impact velocity for all the elements of the falling weight. The 

damping factor was assumed as h = 0.5% for the fundamental natural frequency of the vertical vibration mode for 

the analytical model, which was obtained based on the pre-analysis results. 

Reference length of concrete element 

Firstly, under the conditions for inputting the actual compressive and tensile strengths of the concrete, an 

appropriate element length of concrete for the analytical model must be determined so as to better predict dynamic 

responses compared with the experimental results for the control Beam N. The fictitious tensile strength described 

afterwards should be determined by referring to this element size. 
 

When the element length of concrete was assumed as 25 mm [1 in], comparison of the mid-span deflection 

between numerical and experimental results for Beam N is shown in Fig. 4. From this figure, it is seen that the 

experimental results can be satisfactorily simulated using this analytical model. Therefore, the concrete element 

with a 25 mm [1 in] axial length was defined as the reference one. 

 

This implies that if the length of concrete element is different from that of the reference element for Beam N, the 

fictitious tensile strength of the concrete should be introduced based on an equivalent tensile fracture energy 

concept (hereinafter, Gf concept) [20]. 
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When Beam R was modeled using a reference element for concrete, numerical results differed considerably from 

the experimental results (see, analysis w/o Gf in the case of L = 25 mm [1 in] shown in Fig. 9). This implies that 

the strengthening effects of the AFRP rod cannot be properly simulated using this model.  

 

This phenomenon may be analyzed as follows: 1) since the smeared crack model is assumed for the concrete 

elements, the cracks are generated in the elements when the tensile stress reaches the tensile strength; 2) as the 

results show, the tensile stress in the concrete elements will be lost; 3) thus the tensile stress in the concrete element 

cannot be transferred to the rod element adjacent to the concrete elements; and 4) if the length of the concrete 

element were large, AFRP rods would behave so as to be partially debonded and could not effectively strengthen 

the beam (see, Fig. 5).  

 

Therefore, since numerical crack width is evaluated to be same as the length of concrete element, the concrete 

elements with smaller length should be used to properly evaluate the dynamic response of the RC beam 

strengthened with NSM AFRP rods.  

 

From this point of view, in this paper, to accurately evaluate the strengthening effect of AFRP rods, numerical 

simulations were conducted with varying length of concrete element and using a fictitious tensile strength of 

concrete based on the Gf concept.  

 

The Gf concept is based on the following assumptions: 1) a smeared crack occurred with the same tensile fracture 

energy irrespective of the size of element length in the span direction as shown in Fig. 6; 2) the tensile fracture 

energy of the element i must be set to be equal to that of the reference element; and 3) then the fictitious tensile 

strength (ft ) is given by following equation [20]: 

i

tt
y

y
ff 0

0 ⋅=                      (1) 

where the tensile strength of the reference concrete element ( 0tf ) is assumed to be 10% of the compressive 

strength (
'

cf ) of concrete as mentioned above, 0y is the reference length (25 mm [1 in]), and iy is the length of 

element i in the span direction. 

 

The applicability of this concept was discussed comparing with the experimental results. Figure 7 shows the mesh 

geometries for an element length of 25mm [1 in], 12.5 mm [0.5 in] and 6.25mm [0.25 in], which are 1/1, 1/2 and 

1/4 of the reference length, respectively.   

Constitutive model 

Figure 8 shows the stress-strain relationships for concrete, rebar and AFRP rod. The relationship for concrete was 

assumed to be a bilinear model in the region of the compression side and a cut-off model on reaching the tensile 

strength in the region of tension as shown in Fig. 8(a) [22]. It is assumed that: 1) the yield stress is equal to the 

compressive strength (
'

cf ); 2) concrete yields on reaching 1500µ strains; 3) yield for concrete is estimated using 

Drucker-Prager’s yield criterion; 4) with the Gf concept, the tensile stress in the element is lost when the calculated 

negative pressure reaches the fictitious tensile strength of concrete (ft). The fictitious tensile strength of concrete 

(ft) for each selected element length is listed in Table 4.  
 

The stress-strain relationships for axial rebar and stirrups are defined using a bilinear isotropic hardening model 

as shown in Fig. 8(b). Here, the plastic hardening modulus (H’) is assumed to be 1% of the elastic modulus (Es). 

Yielding of rebar and stirrups is evaluated following the von Mises yield criterion. 

 

The stress-strain relationship of AFRP rods is assumed to be elastic until the tensile strain reaches the ultimate 

tensile strain (εru) as shown in Fig. 8(c). 

 

The falling weight, supporting jigs, load-cells for measuring reaction forces, and anchor plates for axial rebars 

were assumed to be elastic according to the experimental observations because no plastic deformation was 

observed in this test. Their material properties: Young’s modulus (Es), Poisson’s ratio (νs), and density (ρs) are 

assumed to be Es = 206 kN/mm2 [30.0×103 ksi], νs = 0.3, and ρs = 7.85×103 kg/m3 [5.46 kcf], respectively. 
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COMPARISON OF NUMERICAL AND EXPERIMENTAL RESULTS 

Time histories of impact force, reaction force, and mid-span deflection 

Figure 9 shows the comparisons between numerical and experimental results for time histories of the impact force 

(P), the reaction force (R), and the mid-span deflection (D) of Beam R for the different element lengths and 

with/without considering the Gf concept. In these figures, origin of the time axis is taken as the time when the 

falling weight impacts the upper surface of beam.  

 

Figure 9(a) shows the impact force time histories (P) during a 25 ms time interval from the beginning of impact. 

From these figures, it is observed that: 1) the time histories obtained from the experiment results exhibit a 

triangular shape with high amplitude and a short time duration of about 1 ms; and 2) the numerical results provide 

a better simulation irrespective of the with/without consideration of the Gf concept. It implies that the time history 

of the impact force depends on the local stiffness of concrete elements at the impacted area with falling weight. 

 

Figure 9(b) shows the reaction force time histories (R) during a 100 ms time interval from the beginning of impact. 

From these figures, it is observed that: 1) the main response obtained from the experimental results is composed 

of a triangular-shaped component and high-frequency components; 2) a dynamic response with high amplitude is 

excited over about 40 ms from the beginning of impact; 3) when the Gf concept was not applied, the time duration 

was more prolonged than that of experimental results irrespective of the size of element length (L); and 4) on the 

other hand, with an element length 6.25 mm [0.25 in] using the Gf concept, the amplitude and duration of the main 

response were very similar to those of the experimental results. 

 

Figure 9(c) shows the deflection time histories (D) during 200 ms from the beginning of impact. From these 

figures, it is observed that: 1) the main response exhibits a half-sine wave, after which the deflection was restrained 

and the time history exhibits damped sinusoidal shapes; 2) if the Gf concept was not applied, the maximum 

amplitude tends to be overestimated even though a shorter element length was adopted; 3) on the other hand, if 

the Gf concept was applied, with an element length 6.25 mm [0.25 in], the maximum amplitude and residual 

displacement were in good agreement with the experimental results. 

Crack patterns 

Adopting the constitutive law for concrete applied here, if the major principal stress of the concrete element were 

zero, this element may be cracked or actually exhibit zero stress. Here, applying this idea, the crack patterns will 

be predicted. 

 

Figure 10 shows the comparison of the top-, side-, and bottom-surfaces of crack patterns after the test for Beam 

R between experimental results and numerical results with the Gf concept with an element length L = 25 mm [1 

in] and 6.25 mm [0.25 in]. From this figure, it is observed that: 1) in the case of the reference element with L = 25 

mm [1 in], the crack pattern on the side-surface of the beam was more widely distributed with horizontal cracks 

along the AFRP rod comparing with the experimental results; 2) since the crack patterns were generated in the 

concrete element adjacent to the rod elements, the rod tends to be debonded and the strengthening effects of the 

rod were not clearly exhibited; and 3) the crack patterns on the top- and bottom-surface of the beam were also 

much more distributed than those of the experimental results. 

 

On the other hand, with an element length L = 6.25 mm [0.25 in], since the horizontal cracks around the rod on 

the side-surface of the beam did not appear and the bending and diagonal cracks were developed near the mid-

span area, it is seen that these numerical results are in good agreement with the experimental results. Further, the 

crack patterns on the top- and bottom-surfaces are similar to those obtained from experimental results. 

Time history of axial strain in AFRP rod 

Figure 11 shows the comparison of the axial strain distribution in the AFRP rod and crack patterns for an element 

length L = 6.25 mm [0.25 in] with the Gf concept comparing with the experimental results at each time step from 

the beginning of impact to 30 ms. At 1 ms passed time from the beginning of the impact, it is observed that the 

strains were distributed like those of the fixed beam with a short span length. As the time proceeds, the span length 

tends to expand towards the support points. At 5 ms passed time, the strain wave reached the supports and the 

negative strains near the ends disappeared. Finally, the strain distribution was shifted to that of a simply supported 

beam. 

 

Comparing strain distributions of the numerical results with the experimental ones, it is observed that the 

numerical results are similar to those of the experimental results for all time steps except at one point over 2% 

strain due to fracture of epoxy adhesive. It confirmed that no fracture of the rod occurred after the test. Therefore, 
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it is seen that the dynamic response of RC beams strengthened with NSM AFRP rods under falling-weight impact 

loading can be better simulated by applying the Gf concept and using a fine mesh of around 6 mm element length 

for concrete elements.  

CONCLUSIONS 

In order to establish a numerical analysis method to accurately simulate the dynamic response characteristics of 

RC beams strengthened with near-surface mounted (NSM) AFRP rods under impact loading, for a concrete 

element with a fine mesh, a method using fictitious tensile strength based on an equivalent tensile fracture energy 

concept (Gf concept) was proposed. Elasto-plastic dynamic response analyses of the RC beams under impact 

loading were carried out. The applicability of the proposed method was investigated comparing with the 

experimental results. From this study, the following results were obtained: 

 

1. applying the Gf concept, it is seen that the dynamic response characteristics of the RC beams can be better 

simulated using a fine mesh of about 6 mm [0.24 in] length in longitudinal direction; 

 

2. crack patterns of the beam and axial strain distributions of AFRP rod can be properly evaluated by applying 

the proposed method; and 

 

3. the numerical analysis method based on the proposed Gf concept, may be of practical use as a tool for 

evaluating the dynamic response characteristics of RC beams strengthened with FRP materials. 
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