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Inelastic Constitutive Relations 

for Concrete 

by L. Nobile 

Synopsis: The paper focuses on the formulation of a 
self-consistent model for a compressed concrete con
taining randomly distributed flat microcracks. 
A general formulation of the constitutive law for such 
material is obtained, finding the overall mechanical 
response to be strongly nonlinear in the region near 
the maximum in the stress-strain curve. 

Keywords: compression; concretes; damage; energy methods; 
fracture properties; mechanical properties; microcracking; 
models; stress-strain relationships 
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IN'J'HODUC'l'ION 

The deformation of brittle materials is accommo
dated primarily by the presence and propagation of mi
crocracks, already present in the virgin material. In 
the case of concrete such microcracks are loca1i?.ed in 
aggregate-mortar interfaces and are caused by shrinka
ge. 

The determination of the effect of defects in 
the structure of a solid on its overall moduli has 
been the object of numerous studies. In a majo
rity of these studies ( see, for example, l1,2) ) the 
objective was limited to the first stage of inelasti
city, when some microcracks slide but don't propagate. 
However, in many cases of practical interest it is 
important to formulate a continuum damage model which 
in addition considers the second of inelastici
ty, when some microcracks propagate ( see, for example, 
(3,4) ). 

The objective of this paper is to demonstrate 
the utility of the mode1 in describing deformation 
and failure of concrete in uniaxial compression and 
also to check its ability to reproduce the avai1able 
data. The latter issue is addressed by comparing the 
test of the model to experimental data. It shou1d be 
remarked that the significance to be attributed to 
the available data is mainly one of a qualitative 
description of the mean features of material behaviour. 

STRESS-S'L'Ri\IN HELJ\TIONS 

Cunsider a body of total volume V and exterior 
surface S. Let the self-equilibrating overall tractions 
Ti , prescribed on S, in such a manner that: 

( 2. 1 ) a .. n. 
lJ J 

rr. 
l 

where nj are the components of the exterior unit nor-
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mal on S, and: 

( 2. 2) a . . 
lJ 

1 
v S a .. dV 

v lJ 

is the average stress. A fixed rectangular Cartesian 
coordinate system is used and repeated indices are 
summed. If the body contains randomly distributed mi
crocracks of the same size, the average strain: 

( 2. 3) 
8 i j = i Jv 8i j d v 

consists of two parts: the average elastic strain and 
the average additional strain due to the presence of 
microcracks. 

In the first stage of inelasticity, when some 
microcracks slide but don't propagate, the average 
additional strain is (6) : 

_i 8 1-v2 t>o Ja2 
(2.4) 8 .. -2 - -E (-t 1.nJ·+'t J.n1. )dacosg?dfJJ. 

1 J 11; - v 9?1 a 1 n- n 

where Q0 is the initial microcrack concentration para
meter: 

( 2. 5) 

(N is the number of microcracks in V and d0 is the 
initial microcrack diameter), ni and nj are the com
ponents of the exterior unit norma] to the generic 
microcrack, 'tn is the shear traction induced on mi
crocrack faces reduced by the amount of Coulomb 
friction.ula I ( .u is the friction coefficient), E and 
v the modulus and the Poisson's ratio for the 
matrix and the limits of integration (a 1 ,a 2 ), (9?1 ,9?2 ) 

determine the set of activated microcracks, for which 

'tn > 0. 

In the second stage of inelasticity, when some 
microcracks propagate, the average additional strain 
can be decomposed into the sum of the average strain 
caused by frictional slidings, eq.(2.4), and the ave
rage strain caused by propagation, calculated by me
thods of analysis based on energy variations associa
ted with self-similar growth of the microcracks (6): 

2 ' ' J - i o 1 6 1-v fPc a., 2 
8ij= Oa·. [ 3Et2-v Q(d)Jm.f,'bn dacosg?dfJJ. 

lJ 

( 2. 6) 

where 0/0aij denotes partial derivative with respect 

to a .. , Q(d) is the microcrack concentration parameter 
lJ 
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related to the current value of the diameter. The li
mits of integration determine the set 

of activated microcracks for which 'tn>'tno , where 

'tno is the value of the above mentioned shear traction 

corresponding to the beginning of microcrack propa
gation. 

The above derived formulae for the additional 
average strain, taken in a finite form, are valid in 
the range of path-independence ( that is, for example, 
when 'tn increases monotonically). They should be taken 

in an incremental form when path-dependent. 
Since the limits of integration in eqs. (2.4) 

and (2.6) change in function of the applied load, a 
stress induced anisotropy develops. 

As indicated experimentally (7), a microcrack 
will grow along the aggregate-mortar interface in a 
self similar fashion and the critical stress-intensi
ty factor for the interface increases as the load is 
slowly incremented, probably due to the presence of 
asperities. Besides, the critical stress-intensity 
factor for the aggregate is much larger than the one 
for the mortar, which is, in turn,two times larger 
than the critical stress-intensity factor for the in
terface. 

Assuming in a simple manner that the aggregate 
has a regular shape ( that is, for example, a regular 
polyhedron), stable microcrack growth ends as soon as 
the edge of the most favorably oriented microcrack is 
inscribed in the regular face polygonal of the po
lyhedron. 

UNIAXIAL COMPRESSION 

For the uniaxial compression test the only non
zero components of the additional average strain du
ring the first stage of inelasticity, can be derived 
from (2.4): 

( 3. 1 ) 
- i -i 1 6 1 - v 2 a n ( 3 
8 11= 8 22= 3 2-v p,cos p+ 

- + sin 5p 

(3.2) - 2 

. 3 ) s1n p + 

The range of activated microcracks is defined by the 
inequality 

(3.3) a(sinpcosp) -p,a sin 2p> 0 

whose solution, 0<cp<59°, is load independent. Thus 
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the overall mechanical response will be still linear. 

( 3. 4) 

(3.5) 
(3.5) 

with 

where 

The overall moduli are: 

E' = 
E 

32 1-v 
1 + 3 2- v (! o Ao 

v' 
3(2-v)v + 16(1- v 2 )Q0 A0 

3(2-v) + 32(1- v 2 )f! 0 A0 

p)J ' 

(3.6) = sin 3p)-- + sin 5p) 

Frictional sliding starts on the microcrack with 
the orientation 

1 -1 
9'0 = 2arctan 

In the second stage of inelasticity the only non 
zero components can be derived from eqs.(2.4),(2.6): 

( - i - i 1 6 1- v' 2 a [ ( ) ( ) J 
3.7) "11 =822 = 3 2-v' E' f!o A1+A2 +23!:(! d Co 

- i 32 1- vi 2 a [ J 
(3.8) "33 2-v E' Qo(A1+A2)-+-2n Q(d)Bo 

with ' 

A1= , A2= , 

B0 = p)] , Co= [ p)]:f • 
where 

( 3 . 9 ) B , p) 

1 2 . !) 

i) s
2
1n ·p ( . 3. . '5 ) 

(3.10) -1) + 

_ 2 1" 2 

In eqs.(3.7),(3,8) we have replaced E andv with 
E' and v' to account, albe'it approximately, for mi
crocrack interaction. 

Based on energy balance, the critical value of 
a, at which stable microcrack growth will start, can 
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be calculated from: 
.-----,------

1/.' i n ( 2- v' ) 
( 3. 11 ) ,;no = V y G ( 1- v' ) -Vn(2-v') Kric 

- 4d 0 

where ,; 0 is the above mentioned shear traction indu-
n . 

ced on the most favorably oriented microcrack and y1 

is the surface energy.of a unit of free surface,expres
sed in function of stress-intensity fa-

ctor for the interface corresponding to the opening 
mode of fracture, typically determined experimentally). 

Assuming a.linear relation between and d, 

the limits for are: 

(3.12) Ki 0 (d0 ) Ki 0 (d) Ki 0 (D) 

where Ki 0 (D) is the critical stress-intensity factor 

corresponding to the upper limit of growing microcrack 
diameter, for which the edge is still inscribed in the 
regular face polygonal of the aggregate. 

Thus the critical value of o , at which unstable 
microcrack propagation will start, can be calculated 
from: m 

1 ;;;- Krc 
(3.13) o =vw A(/k,lp) 

where is the critical stress intensity factor for 

the mortar and A(p,,(jJ) = sin 2(jJCOS (jJ -11-sin3rp. 
As indicated experimentally this limit precedes 

the development in the mortar of branching cracks , 
parallel to the direction of maximum compression. 

Figs.1 and 2 show total axial and lateral strain 
as function of o up to instability, for the following 
values of parameters: 

v =0.15,£? 0 =0.1 ,d 0 =2mm., D=4mrn. ,K} 0 (d 0 )=0. 2MPaYrii, 

• 

Fig.3 shows total volumetric strain as function 
of o up to instability. It should be noted that the 
dilation is the consequence on the macroscopic beha
viour of the microcrack energy release rate associated 
with self-similar growth. 

Comparison of such theoretical prediction with 
experimental data indicates that the proposed model 
provides a realistic description of inelastic behaviour 
of uniaxial compressed concrete. 
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