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ABSTRACT 

A method of three-dimensional slope stability analysis is presented here based 

on the energy consideration to obtain the ultimate bearing capacity of rectangular 

foundations located near the slopes with coaxial nonassociated flow rule. Taking the 

eccentrically loaded foundation into account, a rotational failure mechanism consisted 

of several lateral surfaces is considered. The stress distribution along the rupture 

surface, needed to obtain the rate of dissipation of internal energy for the 

nonassociated flow rule, is established on the basis of extended Bishop's method and 

boussinesq theorem. The bearing capacity of rectangular foundations in different 

conditions is obtained using the proposed method and the effects of dilatancy angle 

are investigated. The results indicate that for the nonassociated flow rule materials, 

the bearing capacity of slopes reduces with decrease in the dilatancy angle. These 

influences increase in the case of mild slopes in frictional.  

 

KEY WORDS 

Rotational Failure Mechanism; 3D Bearing Capacity; Nonassociated flow rule. 

 
INTRODUCTION 

The assessment of the stability of slopes under surcharge loads or the determination 

of ultimate bearing capacity of foundations located near the slopes is a fundamental 

problem received wide attention across geotechnical communities because of its 

practical importance. Previous studies show that, in such a complex footing-on-slope 
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system, the ultimate bearing capacity of the footing may be governed by either the 

local foundation failure or the global slope failure. The non-eccentric loading, make 

this problem more difficult in superstructures located on top of the slopes under wind 

or earthquake conditions. 

Numerous two-dimensional methods have been developed for the evaluation of 

stability of loaded slopes. However, all slope failures are three-dimensional (3D) in 

nature, especially for slopes under local loading. So, 3D stability analyses should be 

performed in the most cases of slope stability problems.  

In general, proposed methods can be classified to the following types: a) Limit 

equilibrium approach. b) Characteristic line method. c) Limit analysis approach.  

- The 3D limit equilibrium methods of columns, which are analogous to the two-

dimensional methods of slices, have been most commonly used by engineers over the 

past several decades (Anagnosti, 1969; Hovland, 1977; Chen and Chameau, 1982; 

Ugai, 1985 and Hungr, 1987).  

- The characteristic line method is based on integrating the equations of plastic 

equilibrium and is more rigorous, but still takes no account of the flow rule and can 

only deal with a restricted set of boundary conditions. 

- In order to reduce the influence of the assumptions made in limit equilibrium 

methods, the methods of limit analysis (upper and lower bounds) based on the rigid 

plasticity theory were developed. In upper-bound theorem of limit analysis, it can be 

proved that the dissipation is a function only of the velocities. This property is used to 

compute the dissipation along the discontinuities, with the geometry being optimized 

to yield the minimum dissipated power and the lowest collapse load.  

Some 3D upper-bound solutions have been presented assuming translational or 

rotational collapse mechanisms. Giger and Krizek (1976) used the upper-bound 

theorem of limit analysis to study the stability of a vertical corner cut subjected to a 

concentrated surcharge load. Michalowski (1989) presented a rigorous 3D solution 

for slope stability problems based on a translational collapse mechanism consisted of 

several rigid blocks which can also be used to estimate the bearing capacity of 

rectangular foundations. Farzaneh and Askari (2003) improved the results of 

Michalowski using combination of several lateral surfaces for each block and 
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extended his 3D analysis for nonhomogenous soils. Farzaneh et al. applied this 3D 

multi-rigid block mechanism for stability analysis of convex slopes in plan view 

under local loading. De Buhan and Garnier (1998) evaluated the upper bound bearing 

capacity of square foundations located near a slope examining both rotational and 

punching collapse mechanisms.  

Taking the truly 3D geometry of the problem into account, here, a 3D rotational 

collapse mechanism consisted of a log-spiral bottom surface and combination of 

several lateral surfaces is considered to improve the solutions for bearing capacity of 

foundations under combined loading. 

Since the most granular soils do not obey the associated flow rule, this assumption in 

the upper bound methods causes some overestimation of volumetric strain and 

consequently overestimation of limit loads. Davis (1968) pointed out that 

consideration of the angle of dilatancy could better predict the limit load and it 

always tends to the lower limit loads. Although considering the nonassociated flow 

rule violates the basic assumption of the upper bound theorem, applying the energy 

balance in an admissible velocity field, leads to the ability of studying the effect of 

dilatancy angle in slope stability analysis.  

There are some researches about the influences of dilatancy angle on 2D stability of 

loaded slopes (Yin et al., 2001 and Yang et al., 2007). However, the studies about the 

influences of nonassociated flow rule on the 3D stability problems are very limited 

according to the literature. In the present article, by considering the energy balance at 

collapse, bearing capacity of rectangular foundations are computed using the 

proposed rotational collapse mechanism for soils with nonassociated flow rules. 

Since the rate of dissipation of internal energy for a nonassociated material depends 

on the value of normal stresses along the rotational rupture surface, the stress 

distribution is established using the extended Bishop’s method and Boussinesq theorem. 

 

 

THREE-DIMENSIONAL FAILURE MECHANISM 

Proposed rotational collapse mechanism, as an extension of 2D rotational mechanism, 

consisted of a log-spiral cylindrical bottom surface and combination of several lateral 
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surfaces (shown in the Fig.1 as AEFD and BCFE). The known equation of bottom 

surface in polar coordinates is: 

                         �����                                  �������            (1) 

where R0 and �0 are the cylindrical coordinates of the start point of collapse on the 

surface  and � (=�) is the internal angle of friction.  

Lateral surfaces can be adapted fulfilling the normality condition of upper-bound 

theorem through an equation of the following form: 

                                                 �����                                ���� ���            (2) 

where (r, �, z) are the cylindrical coordinates of a typical point P located on lateral 

surface. Compatibility of strains for associated materials means that at point P, the 

velocity vector across the surface makes an angle equal to the internal angle of 

friction (�) with the tangent of slip surface or an angle equal to �/2-� with the normal 

to the surface (N). Considering this assumption, the following differential equation 

can be driven:  

                        �                            �������              (3) 

 

 

Figure 1. Proposed 3D collapse mechanism. 

��  

x

y 
z

A’ 

B’ C’ 

D’ 

C 
B 

D 

A 

P 

[V] 

N 

z=f(r,�) 

d/2 

a0 

First Lateral 
Surface 

Bottom Surface 
(log-spiral cylinder) 

�  

R  
O 

�  
�0 

r

c L 

c L 

M 

x0 

y0 

E 

Z1 

E' 

�1 

Second Lateral 
Surface 

F

H 

FORENSIC ENGINEERING 2009268

0

https://www.civilenghub.com/ASCE/113681848/Forensic-Engineering-2009-Pathology-of-the-Built-Environment?src=spdf


  

A possible class of solutions for above partial differential equation has been 

examined here as proposed by De Buhan and Garnier (1998): 

                     �                           �������              (4) 

where b and s are constants. 

Considering a general point A(R0, �0, a0) on the lateral surface, the parameter b can 

be obtained as a function of parameters R0 (which is itself a function of the 

coordinates of point O), �0, a0 and s. Consequently, there are five independent 

geometrical variables (x0, y0, �0, a0, and s) that should be optimized to obtain the 

critical failure mechanism.  

De Buhan and Garnier (1998) used the rotational collapse mechanism with a lateral 

surface in each side to obtain bearing capacity of square foundations near the slopes. 

Performed analyses indicate that their proposed collapse mechanism extends laterally 

in frictional soils which results in overestimated limit loads.  

To improve the results, combination of several lateral surfaces with the same 

rotational velocity and center of rotation, but different constant parameters (bi and si), 

is proposed. For each additional lateral surface, two independent variables will be 

added to the five previous ones. Considering an arbitrary angle �1, coordinates of a 

point like E on the intersection of the bottom and first lateral surfaces, i.e. (R1, �1, z1), 

can be obtained. Crossing the second lateral surface from point E 

( ), b2 is found as a function of �1 and s2. In other words, 

the independent added variables are �1 and s2. Based on the current study, a 

combination of three lateral surfaces in each side (with nine independent variables) is 

sufficient to obtain the appropriate results (Fig.2). 

Many approaches have been developed to search for the critical failure mechanism in 

stability problems. Most procedures rely on traditional random generation techniques. 

The main limitation of these techniques is the uncertainty of the algorithm to find the 

global minimum limit load rather than the local minimum especially when the 

number of variable increases. Here, an alternative optimization method for 

determining the critical slip surface, called genetic algorithm (GAs), has been 

applied.  
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Figure 2. Schematic plans and front views of 3D rotational collapse mechanisms with 

combination of three lateral surfaces. 

 

WORK AND ENERGY CALCULATIONS  

Eq. 5 expresses the energy balance equation for a rigid collapse mechanism: 

                                              �������            (5) 

where the left term represents the rate of work dissipated by the traction ti over the 

velocity jumps ([v]i is the relative velocity between two adjacent rigid blocks), and 

the last two terms represent the rate of external work of traction Ti over velocities vi 

at boundary S, and of body forces �i over velocities vi in volume V.  

Assuming the associated flow rule (normality condition) for a Mohr-coulomb 

material means that the velocity jump becomes normal to the yield line and inclined 

to the velocity discontinuity at friction angle �, as shown in Fig.3(a). Therefore, for 

the linear Mohr-Coulomb yield function, the internal energy dissipation is: 

                                      �����                                �������            (6) 

where, [v] is the resultant velocity jump and c is the cohesion of the material.  

Thus, the internal energy dissipation will be independent of stresses along the rupture 

surfaces for associated materials.  

In granular soils (� � �), assuming the normality condition, which is one of the main 

assumptions in the limit analysis theorem, generally causes the overestimation of 

volumetric strain. The effect of dilatancy angle on the stability of slopes can be 

investigated using a kinematically admissible velocity field comply with the 

kinematical boundary conditions and balancing the rate of internal energy dissipation 

with the rate of work of external forces.  

Z 

Y 
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As shown in Fig.3(b) for a nonassociated coaxial flow, the direction of [v] makes an 

angle �  (dilatancy angle) with the plane of shear. The normal and shear stresses on 

the rupture plane representing E lie on a fictitious yield line, instead of the Mohr-

Coulomb yield line. For this fictitious yield line we have: 

                                      ��                                �������            (7) 

where the values of the c* and �* can be related by the following expressions (Davis, 

1968): 

                                    �����                                �������              (8) 

                                                      �����                             ��������            (9) 

                                        �����                      �������            (10) 

However, since the direction of [v] at the rupture plane is not normal to the supposed 

yield line, the internal energy dissipation will be obtained as: 

       �                              �          (11) 

Hence, in general, the energy expression depends on the distribution of normal 

stresses along the rupture surface for materials with nonassociated flow rule. 

Drescher and Detournay (1993) proved that for translational collapse mechanisms, 

the limit load does not depend on the orientation of the velocity jump. So, a fictitious 

orientation and thus a fictitious flow rule (so as � = �*) can be selected for which the 

specific energy dissipation is independent of �n: 

                                 �����                              �������            (12) 

 

 

(a)                                                                                       (b)      

Figure 3. Tractions and the direction of the velocity jump on the rupture plane for 

materials with (a) associated and (b) nonassociated flow rule. 
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However, in the case of rotational collapse mechanism, true orientation of the 

velocity jump should be considered. Thus, determination of the stress distribution 

along the rupture surface is necessary according to the Eq. 11.  

Normal stress distribution along the rupture surfaces can be estimated using the limit 

equilibrium methods. Among the proposed methods of slices, Bishop's simplified 

method
 
(Bishop, 1955) has been shown to produce somehow more accurate results 

when compared with other techniques. Hungr (1987) extended Bishop's method into 

three dimensions without any additional assumptions which expected to exhibit as a 

good performance as the original method. Here, the distribution of normal stresses 

along the proposed slip surfaces is generated by extension of Bishop's method 

considering fictitious yield line. More details and formulation of the extended 

Bishop's method into three dimensions is discussed by Hungr (1987). This limit 

equilibrium method of columns does not consider the shear resistance along the 

vertical sides of the sliding mass (Stark and Eid, 1998). In other words, the normal 

stresses generated by the earth pressure on the sides of the vertical columns along the 

vertical lateral surfaces are ignored. This will lead to an underestimation of the 3D 

factor of safety. Since the proposed lateral surfaces of used rotational collapse 

mechanism can be degenerated into vertical planes in the case of a nonassociated soil 

with � =0, removing mentioned limitation is imperative.  

To include the normal stresses on vertical sides, at-rest earth pressure acting on the 

lateral vertical surface of the slide mass is considered as: 

                             �                                                      �������            (13) 

where  is the average vertical stress over the depth and k0 is coefficient of earth 

pressure at rest (k0 =1-Sin �d). The excess stresses on lateral surfaces due to surcharge 

load are also considered using the Boussinesq theorem.  

 

COMPARISONS AND NUMERICAL RESULTS 

Wei et al. (2009) studied about the 3D stability and failure mode of locally loaded 

slopes based on the strength reduction method (SRM) using numerical finite 

difference code (Flac3D). Here, to compare the current results with those of 
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dimensions of rectangular area of vertical loading and the soil properties are shown in 

Fig.4.  Results of the analyses are compared in Table 1, for a loading q of 100 kPa 

and where the ratio of the loading length L to loading width B varies from 0 to 10.  

 

 

Figure 4. The geometry of the slope under local loading. 

 

Table 1. Comparisons of safety factors for locally loaded slopes (q=100kPa) 

L/B 0 1 2 4 6 8 10 

WEI et al.  1.82 1.71 1.60 1.41 1.33 1.30 1.26 

Farzaneh & Askari 1.94 1.82 1.63 1.43 1.35 1.29 1.26 

Current 1.89 1.76 1.58 1.39 1.31 1.27 1.24 

 

In the 3D analyses, when the loading ratio (L/B) is 1, 2, 4 and 6, the length of model 

chosen is 20m and when the L\B is 8 or 10, the length of model chosen is 30m. The 

results are nearly same as shown in this table, though the current results are 

somewhat less (better) for the slopes under rectangular foundations. 

The described algorithm has been used to investigate the effects of 

nonassociativeness, or dilatancy angle, on the bearing capacity of rectangular 

foundations located near the slopes. Here, these effects are presented as some typical 

results.  

Fig. 5 shows the influences of dilatancy angle (�) on the bearing capacity factor N
’
c 

of a square foundation located in different distance from the slope (a/B) with the 

height of 6 meter and internal friction angle of �=15° in the cases of centrically and 

eccentrically loading condition. Fig. 5(a) presents the bearing capacity factors versus 

numerical methods, a locally loaded slope is considered. The slope geometry, 
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