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distribution may be suitable for random variables with bell shape distributions withi n

finite boundaries . Example s ar e cos t distributions , repai r tim e distributions , and

distributions o f fluctuating reservoi r levels (Yevjevich , 1972, p . 149) . Th e pdf s

given by Equations (2.7-30) through (2.7-34) integrated over the range 0 <  t  <  1

produce 1, as required.

Some of the moments of the beta distribution can be rather easily obtained by

integration. Fo r example, fo r Equation (2.7-34), the first moment is obtained by

The mean is at the center o f the range for this symmetric pdf.

Formulas fo r moments o f the beta distribution can be foun d i n handbooks

(Moan, 1982, pp. 4-40 to 4-41). For example, the &-th momen t of the beta functio n

is

(2.7-35)

For the mean, or firs t moment, k  =  1 , and with a  =  2 , and J3 = 2 ,

This is the same result as obtained by the integration of Equation (2.7-34).

Examples: (1) Show that Equation (2.7-30) is a pdf. Solution : Th e integra l o f

Equation (2.7-30) over the range of the random variable 0 <  t  <  1  is

We use the substitution

which also is Introducin g

and the substitution o f int o the integral gives
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This proves that Equation (2.7-30) is a pdf.

(2) For Equatio n (2.7-30), calculate the mean by the moment method and also by

Equation (2.7-35). Solution: The moment method proceeds similar to the integration

in Example (1). The firs t moment is

With the same substitutions a s in Example (1) the integral is transformed and solved

for the transformed integration limits: fo r t  =  0 , u = 1 ; and for t =  1 , u = 0. The

result i «

The mean, computed b y Equation (2.7-35), fo r k  =  1 , a  =  -1/2,  and ft = -1/2 ,

requires the evaluation of several factorials: 0! = 1 , (1/2)! = (l/2)(;r/2) , 1! = 1 ; and

(-1/2)! =  7T/2  (see the factorial function i n Abramowitz and Stegun, 1970, p . 255).

Substituting these results into Equation (2.7-35) one obtains ju =  1/2 , the same as by

the moment method. Equation (2.7-30) is a symmetric pdf and the mean is located

in the center o f the range .

2.7.7 Poisso n Distribution

The Poisson distribution i s used to model arrival rate s an d service rates in

queuing models. Ther e is a connection between the exponential  an d the Poisson

distributions. Probabilisti c (o r stochastic ) queuin g model s us e exponentia l

distributions fo r interarriva l time an d service time modeling or , equivalently , th e

Poisson distributio n for arriva l rate and service rat e modeling (Gros s an d Harris ,

1974, p . 23). The number of arrivals during a period extending fro m time zero to t

is a random variable. The probability of n arrivals during a period t, with n >  0 being

positive integers, i s derived by setting up so-called stochastic differential-difference

equations. This calculus sheds light on probabilistic mathematics, but the derivation

is somewhat involved and cannot be repeated here. Suffic e i t to say that the results
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of th e derivation ar e th e stochastic  differential  equations  of arriva l probabilities

(Gross and Harris, 1974, p . 25). For zero arrivals,

(2.7-36a)

where the index relates to the number of arrivals in time t . Fo r arrival s n >  1 , the

stochastic differential equation is of the for m

(2.7-36b)

Equation (2.7-36b) is a first order linear differentia l equation i n which the

dependent variabl e an d it s derivative ar e o f the firs t degree. A  solution metho d

consists of finding an integrating factor (Nielsen, 1962, p . 48). First Equation (2.7-

36b) is rewritten in the for m

(2.7-36c)

Suppose an integrating factor , g(t), ha s been found . Then , multiplying the equation

with it gives

(2.7-36d)

The integrating factor is of such a nature that it complements the left-hand side of the

equation into an exact differential . The integral o f an exact differentia l is readily

obtained whereupon only the right-hand side needs to be integrated. The probability

/Vi(0 is a constant that is known from a previous calculation s o that the right-han d

side can also be easily integrated. A  hint of an integrating facto r is obtained by the

solution of the homogeneous equation, Equation (2.7-36a),

The solution is obtained by separation of variables and integration,
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where c is an integration constant . Moving the ^-functio n t o the lef t side gives

Taking the total differentia l of this equation gives

This show s tha t e
 A  l

 i s a n integratin g facto r tha t complements th e lef t sid e o f

Equation (2.7-36d). With g(t) = e
At

, the left-hand side of Equation (2.7-36d) can be

written as an exact differential d[e*'p n (t)]  an d the integral of the equation becomes

(2.7-36e)

An equation explicit i n the dependent variable pn(t) i s obtained b y carrying out the

integration of the left-hand side. The product of functions on the left-hand side exists

only for t >  0 . Freeing pn(i) o f its factor gives

(2.7-36f)

where the factor in front of the integral is the result of the integration of the left-han d

side. Equation (2.7-36f ) i s valid for n  >  1 . It is a  recursive formul a which can be

used to find the probabilities for n >  0  oncep0(/) is found .

For n =  0 , which means zero arrivals during period t,  Equation (2.7-36a)

applies. By separation of variables one obtains

(2.7-37a)

where A is the mean arrival rate of items per time unit, and A t is the mean number

of arrivals in period t .

For n  =  1 , on e obtains fro m Equation (2.7-36f) b y integrating fro m 0  to f ,

(2.7-37b)
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(2.7-37c)

For n =  3 : (2.7-37d )

The probability of n  =  k  arrivals in period t  is

(2.7-38)

Equation (2.7-38) i s the pdf of the Poisson arrival process. I t is a discrete probability

distribution, where pk(f ) i s the discrete probability ofk  =  0 , 1 , 2, 3,.. . ,  k arrivals in

period t. The Poisson distribution approaches the binomial distribution for large n and

small p9 wit h A t =  n  p. Th e random variable does not have to be time. I f A  is the

number of accidents per kilometer of highway, then the average number of accidents

over 1 0 km is a =  1 0 A.

The parameter a  =  A  t i n Equation (2.7-38) i s the only parameter o f the

Poisson distribution . I t i s also th e mea n a s wel l a s th e standar d deviatio n o f the

distribution: //  =  a  =  a . The mean can be interpreted as expected number of jobs

arriving a t a  repai r sho p durin g a  specified perio d / , wherea s th e pd f give s th e

frequencies of random realizations tha t may actually occur causing job queues. Two

examples of Equation (2.7-38) for a =  5  and a =  1 0 are shown in Figure 2-24.

The non-exceedance probabilit y of the Poisson distribution is

(2.7-39)

where F(k) i s the discrete cd f of the Poisson distribution whose ordinates only exist

for integer numbers.

A stochastic proces s wit h practical applications i s the compound  Poisson

process. A  practica l exampl e i s th e su m o f cost s tha t accru e b y th e rando m

occurrence of repai r jobs during some time period, such as a month (Parzen, 1965,

p. 128),

For n =  2 :
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where X(f)  i s the stochastic variable, i.e. , the tota l of N(t)  rando m costs, C n, that

occur during a month t by a Poisson arrival process of repair jobs.

Examples: (1) Calculate the probability of n =  4  arrivals in period t with/?3(0 given

by Equation (2.7-37d). Solution: Using Equation (2.7-36f), one obtains

(2) What is the probability that up to and including six arrivals occur in period t  =

10 h, given the average arrival rate is A =  0.6 If
1
. Solution: The average number of

arrivals is/i f =  0.6 - 1 0 =  6 . Th e non-exceedance probability o f six arrivals is

according to Equation (2.7-39)

F(6) =  p 0(10) +  ^(10) +  />2(10) +  />3(10) +  /74(10) +  /75(10) +  p6(10) =

= (6°/0!) e~
6
 +  (6Vl! ) e~

6
 +  (6

2
/2!) e~

6
 +  (6

3
/3!) e~

6

+ (6
4
/4!) e~

6
 +  (6

5
/5!) e'

6
 +  (6

6
/6!) £f

6

= 0.00248 (1+ 6 +  1 8 + 3 6 + 5 4 +64.8 +  64.8) =  0.6066.

(3) Th e binomia l cdf , Equatio n (2.7-8) , i s adapted t o Exampl e (2 ) t o fin d th e

probability of 6 successes i n 10 trials, or the probability of 6 arrivals (successes) in

10hours ([n  =1 0 trials) . Fo r n  =10 , k  =  6 , p =  6/1 0 =  0.6 , Equatio n (2.7-8)

becomes

= 5(10,0) - 0.6° •  0.4
10

 +  fi(10,l ) •  0.6
1
 - 0.4

9
 +  5(10,2) • 0.6

2
 • 0.4

8

+ 5(10,3) -  0.6
3
 -  0.4

7
 +  5(10,4 ) •  0.6

4
 •  0.4

6
+ 5(10,5) -  0.6

5
 -  0.4

5

+ 5(10,6) •  0.6
6
 •  0.4

4

= 1  •  1  • 0.000 10 5 +1 0 •  0.6 •  0.000 26 2 +  4 5 •  0.36 •  0.000 65 5

+ 12 0 •  0.216 •  0.001 6 4 +  21 0 •  0.129 6 -  0.004 09 6
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+ 25 2 •  0.077 76 •  0.01024 +  21 0 •  0.046 66 •  0.025 6

= 0.618 *  0.62

This result was also obtained b y Example (4) of Section 2.7.2.

Figure 2-24: Poisson pdf s for random arrivals k in the form of fix ) =  cf  e'
a
lx\

where a =  A  t, and x =  k  for average arrivals // =  A  t =  5  and 10. The arrival

probabilities ar e highes t aroun d th e mean . The random variable x  =  k  i s a

discrete variabl e whic h exists onl y fo r integers x  z  0 . Th e f(x) ar e discret e

probabilities, which should be shown as bars over the jc' s for which they exist.

The line connections between the/(jt ) represent only visual aids.

(4) Calculat e the probability o f up to two defective items arriving in a production

stream over a  50 h period i f the average defect rat e i s A =  0.01 h"
1
. Compare the

result with the binomial distribution. Solution: The probability of up to two defective

items is given by F(2). Fo r A  t =  0.01 •  50 =  0.5 ,

F(2) =  A)(50) +  A(50) +  p2(50)
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= (0.5°/0!) e'°'
5
 +  (0.5

1
/!!) e^

5
 +  (0.5

2
/2!) e~

Q
-

5

=0.6065 +  0.3033 +  0.0758 =  0.9856.

This resul t i s ver y close t o th e firs t par t o f Example (7 ) o f Section 2.7.2 , which

produced F(2) = 0.9862. It demonstrates that the Poisson distribution approaches the

binomial distribution for large n and small/? . The Poisson probabilities are easier to

calculate than the binomial probabilities .

2.7.8 Weibul l Distribution

The Weibull distribution was firs t proposed fo r " a statistical representatio n

of fatigue failure s i n solids" (Moan , 1982, p . 4-47), but i t also is used in hydrology

because it is applicable for positive only random variables (Stedinger e t al., 1993, p .

18.13). It is a three-parameter distributio n and therefore is quite flexible in the shapes

it can simulate. Various formulas are given in the numerous references. Here , the pdf

is given as referre d to by Parzen (1965, p. 169):

(2.7-40)

where fix) exists only for x >  c, and is zero for x <  c\  c  is the location parameter ,

k i s th e shap e parameter, an d v  is the scal e parameter . Equatio n (2.7-40) look s

somewhat complex, bu t i t i s actually quite simple an d can be easily integrated t o

obtain the non-exceedance probability. For this purpose, we introduce the substitution

The differential of u is

Substituting u and du into the integral of the cdf, one obtains

Evaluating the boundaries give s
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-(—)*
F(x) =  l-e

 v
~

c
 .  (2.7-41 )

The simple relation between )̂ and F(x) allows easy use of the Weibull distribution
in the calculation of the hazard function (Section 3.6).

A graphica l determination o f parameter s i s based o n takin g th e doubl e
logarithm of a form derived fro m Equation (2.7-41):

This leads to

(2.7-42)

Equation (2.7-42) i s a straight line in a double-log diagram:

(2.7-43)

where

(2.7-44)

(2.7-45)

and

(2.7-46)

where Y  and X  ar e th e coordinates o f the double log diagram, C  is the empirical
constant or intercept, an d k is the slope of the line (Moan, 1982, p. 4-49).

Special Cases of the Weibull distribution: The general form of the three-parameter
Weibull distribution, Equation (2.7-40), can be simplified for special cases:
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(1) If the distribution starts at x  =  0 , then c =  0 , and Equation (2.7-40) takes the
form

(2.7-47)

and

(2.7-48)

where x, v , and k >  0 . This for m i s frequently used . Its mean and variance are

(2.7-48a)

and

(2.7-48b)

where F(.) is the gamma functio n (Stedinger et al. , 1993, p . 18.13 ; Benjamin and
Cornell, 1970, p . 284). For k =  2 , T(3/2 ) =  0.5 7Z

05
 =  0.88623, and for integers,

r(/2 + l) =  n\  For n =  1 , T(2 ) =  1 . Hence, for k =  2 , // =  0.8862 i/ , and t f =
0.2146 v

2
. Both fj, an d a

2
 are proportional to yan d v

2
, respectively, as is shown by

Equations (2.7-48a ) an d (2.7-48b) , wit h th e gamm a function s providin g th e
proportionality coefficients . Th e parameters k  and i/ca n be foun d fro m a  data fi t
using Equations (2.7-44) to (2.7-46). According to Equation (2.7-43), k is the slope
of the line fitting th e data . More on gamma functions i s found i n Abramowitz and
Stegun (1970, p. 255).

(2) For k =  1 , and c =  0 , A  =  II  v,  Equation (2.7-40) becomes

(2.7-49a)

and

F(x) =  l-e~
Ax

 .  (2.7-49b )

https://www.civilenghub.com/ASCE/134894119/Hydraulic-Structures-Probabilistic-Approaches-to-Maintenance?src=spdf

	Contents

