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This formulatio n is based o n the theor y o f rando m processes. I t include s the correlatio n

of the individua l eigenmodes , and i t ca n be used even for structure s wit h closely clustere d

frequencies. Th e researc h repor t o f the Earthquak e Engineerin g Research Cente r o f th e

Universit y o f Californi a #08 o f 1991 present s furthe r generalization s tha t includ e als o

the influenc e o f local geological condition s in additio n to the correlatio n o f the individua l

modes.

5.4 Respons e to harmonic excitatio n

The subjec t o f this section i s the solutio n of the basi c equatio n o f motion o f elastic solids

discretized b y the FE M fo r harmoni c excitation . Thi s loadin g i s one o f the mos t ofte n

used idealization s i n structura l dynamics , especiall y fo r structure s loade d b y rotatin g

machinery. Th e solutio n can be obtaine d

• b y direct solutio n in complex eigenvalues (or by expressing displacements i n terms

of amplitud e and phas e shift) , o r

• b y mode decomposition .

Both approache s exhibi t thei r pros an d cons .

The firs t approac h i s more general wit h respec t t o th e characteristics of damping, a s

it allows fo r nonproportiona l dampin g (i t ca n b e even said tha t th e for m o f damping i s

immaterial) . However , due to uncertaintie s i n inpu t data the solutio n canno t b e carried

out onl y fo r a  singl e frequency . Rather , i t i s necessary t o carr y ou t th e analysis fo r a

frequency ban d i n order to construc t th e resonanc e curve, and so the computatio n ca n be

expensive. (Eac h poin t o f the curv e correspond s to on e computatio n run. )

The efficienc y o f the mod e decompositio n is strongl y dependen t o n the characteristics

of damping . I f th e dampin g ca n b e assume d t o b e proportional , th e metho d i s ver y

efficient ; otherwis e the econom y deteriorates .

Before describin g th e individua l methods , th e load s nee d t o b e classified. Th e total

load i s harmoni c i f al l o f the actin g force s ar e harmoni c with th e sam e frequenc y (th e

forcing frequency).  Thi s ca n b e achieved b y decomposin g each loa d componen t int o tw o

loads phase-shifte d b y Tr/2 . Th e simples t for m read s

In th e cas e o f a stead y harmoni c vibratio n th e usua l parlanc e use s amplitud e an d

phase shif t t o describ e the load . I n tha t case th e nt h componen t of the vecto r R(t)  ca n

be expressed b y usin g amplitud e an an d th e phas e shif t (p n i n the followin g manner (se e

Fig. 5.6) :

The relatio n betwee n an, (pn and  the  component s of the vector s RI  and  jR 2 is  given by

As th e solutio n i s sough t fo r a  stead y state , i n whic h th e eigenvibratio n ha s alread y

vanished fro m th e response , the time-dependenc y of r ca n be writte n a s

https://www.civilenghub.com/ASCE/161455543/Numerical-Methods-in-Structural-Mechanics?src=spdf


The monitored quantitie s i n a steady harmoni c vibratio n are the resonance phenomena .

It i s therefor e essential t o introduc e dampin g int o th e computation . A s a consequence ,

the response of the structur e r  alway s possesses bot h phases, even when the applied load s

act in phase. I n tha t case i t onl y holds tha t R2 =  O .

5.4.1 Direc t solutio n i n complex numbers

As note d above , bot h respons e part s 7*1 , r 2 nee d t o b e computed , whic h make s th e

approach diffe r fro m th e usua l FEM algorithms . O n the othe r hand , the Fortran language ,
which i s mos t ofte n use d t o progra m th e FEM , i s b y defaul t equippe d wit h comple x
arithmetics. Thi s can be used to advantage .

The loa d vecto r R  an d the displacemen t vecto r r  ca n be expressed a s real parts of
complex vectors . I t hold s tha t

which i s identical t o (5.165). Correctnes s o f the secon d relatio n (5.170) ca n be proved i n

a simila r fashion ^
If the vecto r R  i s shown in the comple x plane, the relatio n between the amplitud e an,

the phas e shif t (p n an d th e component s Rin, R<2 n become s obvious. I t i s clear that they

represent tw o differen t way s to writ e a  comple x numbe r (see Fig, 5.6).
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Vectors HI, R%,  r l7 r2 ar e time-independent . Substitutio n of (5.165) and (5.168) int o the
equation o f motion (5.2 ) leads to two simultaneou s matrix equation s for the unknown s r\

and r2,

where

One ca n verif y th e correctnes s o f the firs t relatio n (5.170) b y substitutin g fro m (5.171) ,

We obtai n

Figure 5.6 : Th e relationshi p betwee n amplitude , phas e shif t an d part s o f a  comple x

number

It i s sufficien t t o satisf y (5.2 ) at each tim e instan t fo r both R(t)  an d r(t) , to mak e R

and r comply wit h

After modification ,
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Uk ar e th e eigenfrequencies , an d f * ar e th e coefficient s o f relativ e damping .
The syste m (5.179 ) decouple s into

13
It is appropriate to note that the matri x of dynamic stiffnes s K  i s a functio n o f the forcin g frequenc y

u. It i s necessary to repeat the computatio n for each frequency .

5.4. RESPONSE TO HARMONIC EXCITATION

The equatio n (5.174) i s formall y identical to the equilibriu m conditio n in a static solutio n

However, th e matri x K  i s replace d b y the comple x matri x

which i s called  th e dynamic  stiffness.  Th e algorith m o f the solutio n i s th e sam e a s i n
statics, bu t al l operation s mus t b e don e in comple x arithmetics.

13

5.4.2 Mode decomposition metho d

Let u s assum e i n wha t follow s tha t w e kno w th e eigenfrequencie s and th e mode s o f un-
damped eigenvibration . Th e eigenmode s are collecte d i n th e matri x Y  suc h tha t th e
individua l mode s constitut e th e column s of Y. I t i s additionall y assume d tha t the y ar e

normalize d wit h respec t t o th e mas s matri x [compar e with (5.20)] :

The approximat e solutio n i s sough t i n th e for m o f a  linea r combinatio n o f p  lowest
eigenmodes

where q is the vecto r of unknow n comple x coefficients . Substitutio n of (5.177) int o (5.174)

gives

Multiplicatio n o f (5.178) fro m th e lef t b y Y
T

 lead s (wit h th e orthogonalit y condition s

applied) t o th e syste m o f linear algebrai c equation s with comple x coefficient s

where J?
2
 i s a diagona l matrix , whos e term s are the square s o f the circula r eigenfrequen -

cies.

Proportional dampin g

The system obtaine d fo r a genera l dampin g matri x C  consist s o f simultaneous equations ,
and the followin g section i s devoted t o it s solution . In many practica l cases, the dampin g
can be considered proportiona l t o mas s ari d stiffness , s o tha t

where i?j, i s a diagona l matri x wit h term s [compar e with (5.114)]
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Equation (5.184) hold s also for more than on e right-hand side ; only the vectors R an d

v ar e replaced b y matrice s R  an d V.

The onl y matri x tha t change s wit h differen t frequencie s u in equation (5.184) i s the

matrix Q , whos e term s ca n be for differen t u  recompute d fro m (5.185). Fo r the rea l and

imaginary par t o f Q w e have

Equation (5.184 ) ca n the n b e rewritte n withou t usin g complex number s a s two equa-
tions fo r two phases o f the outpu t quantitie s

Vectors (o r matrices , fo r mor e right-han d sides ) Y T
 R\ an d Y

T
R2 ca n b e compute d

beforehand , independentl y of given frequencies .

The algorith m fo r the solutio n of forced vibratio n by mod e decomposition i s therefor e

very simpl e fo r th e cas e o f proportiona l damping . I t ca n b e include d i n an y compute r

program which i s able t o comput e th e eigenmode s normalize d wit h respect t o th e mass

matrix.14

Nonproportiona l dampin g

Interactio n o f the structur e an d th e subgrad e i s a typica l exampl e o f a nonproportiona l

damping. Th e dampin g i n th e uppe r par t o f th e syste m differ s considerabl y fro m th e

damping o f the foundation . Thi s i s du e partl y t o differen t materia l properties , partl y

to th e dissipatio n o f energy int o th e semi-infinit e half-space . Therefore , i t i s no t alway s

possible t o accept th e dampin g mode l o f (5.180). Ther e are two options wit h respect t o

the mod e decompositio n method :

14
The algorith m ca n also b e use d fo r an analyti c solutio n by th e Kolouse k exact deflection method.

The eigenmodes ar e normalized wit h respect t o the mass / i (mass pe r uni t length of the beam), which

means J * [iWiWjds =  6ij.
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with th e solutio n

Using (5.177 ) an d (5.183 ) th e relationshi p betwee n th e vecto r o f outpu t quantitie s

(displacements , interna l forces , stresses , etc. ) and th e loa d vecto r ca n be formall y writte r

with matri x G  i n the for m

where Q  i s a diagona l matri x wit h comple x term s
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The vector s q t ar e characterize d no t onl y b y amplitude , but als o b y phase fo r th e

nonproportiona l dampin g case. I f p modes of undampe d eigenvibration are used to reduce

the dimensio n to an approximat e system (5.190) , is is necessary to solve 2p equations wit h

real coefficients . Eac h eigenmod e is thus characterize d by the vector of amplitudes and th e

vector o f phases. Thi s is the consequenc e of the fac t tha t th e nonproportionall y dampe d

structur e ha s no stationar y node s of vibration . The metho d has been proposed i n [83]. I t

is based o n the simpl e idea tha t the p  origina l equation s are complemente d by additiona l

p equation s

The term s o f the squar e matri x o f (5.194) are real , bu t th e matri x i s nonsymmetric .

If th e dampin g i s subcritica l (whic h i s th e cas e fo r buildin g structures) , th e solutio n of

(5.194) gives 2 p eigenmode s with eigenvalue s A . Th e eigenvalue s are comple x conjugat e

with a  negativ e rea l part . Th e imaginar y par t represent s the circula r frequencie s of the

damped vibration . Th e numerica l solutio n o f th e eigenvalu e problem (5.194 ) ca n b e

obtaine d b y usin g standar d algorithm s from scientifi c subroutin e libraries. Th e author s

have use d subprogram s of the librar y SS P (Subroutin e Scientifi c Eackage), markete d b y

IBM. Th e syste m matri x (5.194) is full ; it s size , however , permit s the whol e computatio n
to b e don e in-core.

where

• Conside r the mod e decompositio n method only a s a means for reducin g the dimen -

sion o f the problem , and solv e (5.179) accordin g to Sectio n 5.4.1, o r

• transfor m (5.179) int o a syste m of independen t equations.

The firs t alternativ e doe s no t nee d a  detaile d explanation . Th e second one , o n th e

other hand , require s solutio n t o a  problem  o f damped  eigenvibration.  Thi s i s rathe r a

demanding task fo r larger systems , and the majorit y of programs does not include this al-

gorithm. Ther e i s a simple approximate solutio n based on the condensation b y undampe d

eigenmodes Y, besides the Lanczos metho d (Section 5.2.11). Th e nonproportiona l damp -

ing leads t o th e homogeneou s system o f algebraic equation s
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Equation s (5.190 ) and (5.191) ca n b e writte n in the matri x for m a s

The invers e matri x to th e firs t squar e matri x in (5.192 ) is

Thus (5.192 ) ca n b e transforme d b y usin g (5.193) into
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where A  i s the matri x o f coefficient s o f the damped  vibration  eigenmodes  an d c  i s th e

vector o f coefficient s o f the linea r combination . Substitutio n o f (5.198) int o (5.197 ) an d

multiplicatio n fro m th e lef t b y A
T give s

As the eigenmode s of the dampe d syste m ar e orthogonal , we have that the matrices A~>

13 are diagonal . Therefor e (5.199) i s a syste m o f linearl y independen t algebrai c equation s

with comple x coefficients . Component s of c ar e give n by
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The compute d dampe d vibratio n eigenmode s o f (5.194 ) ca n b e use d t o transfor m

(5.179) t o a  canonica l for m eve n fo r nonproportiona l damping . Becaus e thi s holds als o

for time-dependen t loading , i t i s advantageou s t o star t fro m equation s o f motion writte n

as a system o f first-order ordinar y differentia l equations . I t hold s tha t

where

Now, the transformatio n int o eigenmode s is repeated onc e again . Th e transformatio n

can be writte n a s

The equation s o f motio n afte r substitutio n o f (5.196) int o (5.195) becom e

Similarly to the precedin g section , the vector s / , z  ca n be describe d as

where

If th e solutio n produce s no t onl y mode s fo r generalize d displacements , bu t als o fo r

stresses (interna l forces) , the n th e expressio n Re[/\ce tcjt ] ca n b e use d t o comput e th e

correspondin g mechanica l quantities .

Finally, afte r som e manipulations , w e obtai n
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Chapter 6

Semianalytical Method s

Engineering structure s ofte n hav e constan t geometri c and materia l propertie s alon g a

certain direction . Typica l example s are prismati c plates and bo x girders, frequentl y used
in bridg e engineering . Fro m th e numerica l poin t o f view , bridge s als o hav e favorabl e

boundary conditions—the y ar e simpl y supporte d a t bot h ends , an d bo x structures ar e

usually stiffene d b y en d diaphragms . I n additio n t o lin e structures , axiall y symmetri c

structure s als o fal l withi n the categor y o f structure s tha t ca n b e efficientl y solve d b y a

combination o f the FE M wit h Fourie r series expansions . Suc h a n approac h i s called a

semianalytica l method . I t wa s firs t applie d by Grafto n an d Stro m i n [65] to th e solutio n

of axially symmetri c shells . Th e semianalytica l approach wa s later extende d t o axiall y

symmetric bodie s i n [178], an d t o prismati c folde d plate s i n [45] and [46] . A  genera l

formulatio n wa s given i n [75] an d [127]. I n thi s chapter , w e derive th e relation s neede
for th e solutio n o f rectangula r plates , an d w e briefl y describ e the genera l formulatio n fo r
curved folde d plates .

The semianalytica l metho d transform s the solutio n o f a two-dimensiona l problem into
the solutio n o f a  sequenc e o f one-dimensiona l problems , an d th e solutio n o f a  three -
dimensiona l proble m int o th e solutio n of a sequenc e o f two-dimensiona l problems. Ex -
amples o f two-dimensiona l structure s give n i n Fig. 6.1 show tha t th e structur e i s no t
divided int o element s bu t int o strips . Thi s i s th e origi n o f th e frequentl y use d ter m
finit e strip method .

Figure 6.1: Example s of two-dimensiona l structure s

6.1 Energy-base d bea m analysi s by Fourier serie s

The fundamenta l idea of the approac h based on Fourier series is illustrated b y the solutio n

of bendin g of a simpl y supporte d bea m (Fig. 6.2) . The tota l potentia l energ y is given by
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Figure 6,2: Simpl y supported bea m

The boundar y condition s requirin g

are satisfied b y the Fourie r series

Application o f Fourier series i s based o n the orthogonalit y o f function s si n

interval <  0, 1 >, i.e. , on the propert y

on th e

Same a s the displacemen t functio n to , the load functio n /  ca n also b e represented b y a

Fourier series

The evaluatio n o f the coefficient s n
f i s mad e easy b y th e orthogonalit y propert y (6.2) .

Multiplyin g expression (6.3 ) b y si n —-— an d integratin g from 0  to I  (scala r product ) w e

get

Due to (6.2) , this relatio n lead s to

Substitutin g int o (6.1) an d evaluatin g the integral s we obtain

The coefficient s
 n

w ca n no w b e determine d fro m th e conditio n o f minimu m potentia l

energy, whic h gives
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