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Aware of Borgman's work Paape [27] measured the forces exerted on
piles subjected to irregular waves in the laboratory. Spectral densities
of force and wave height calculated from his data were not similar and
he failed to find a satisfactory transfer function. Thus one must
conclude that the spectra may or may not be similar and that Borgman's
assumptions oversimplified matters.

It is unfortunate that the designer cannot rely upon similarity
between force and wave height spectral densities. For resonance problems
he needs to know the frequency at which the force “energy" peaks.

Perhaps Paape's tests and others may be used to find how much the fre-
quency at the peak of the force spectrum may differ from the frequency
at the peak of the wave height spectrum.

Because wave forces and heights do not correlate, Bretschneider [28]
recommends ranking the heights and maximum forces® in order of magnitude
and working with cumulative probability plots of wave height and force.
His idea makes sense because it avoids any inference that the present
wave alone is responsible for the present force. Bretschneider developed
the idea into a method for analyzing measurements and predicting magni-
tudes of design forces for statistically similar wave sequences. An
alternative method follows.

Suppose we have force and wave height measurements for a particular
body shape in a particular irregular sea. How can one arrive at the
force that, say, would be equaled or exceeded five percent of the time
if a similar sea of greater magnitude acted upon a similar structure?
Note first of all that this is a model-prototype kind of problem and one
must be able to identify a similar sea. Criteria will appear presently.

We attribute the force at a given instant to the unbalanced shear
and normal stresses exerted by the fluid on the body. They are caused
by the instantaneous velocities and accelerations of the fluid particles
in a rather large region surrounding the object. The motion pattern
in the region, of course, is caused by the waves and the presence of the
object, but the only index of velocity available is H/T and of accelera-
tion H/T?. H may be defined as the height of a crest above the surface
depressions before and after it and T as the time interval between the
two depressions. Both are often a matter of judgment.

Altho these indices represent the particle motion quite inadequately,
the dimensionless acceleration H/gT®, where g is the acceleration of
gravity, is certainly a variable on which the force depends. Using Y as
specific weight, we may write for a particular wave

F

F
max max (h YDH H H . )
i U Wibivner- O -SRI | & -] oo} o, Z) A ¢ 2 5
yp®  yp® P 8w DT e

The history term is a reminder that a range of values of Fmax/yDB may

accompany each set of values of the other four variables,

®He separated drag and inertia forces by picking values at wave
peaks and zero crossings respectively.
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For a given sea state and a particular structure the variables

YDOH H _H max
—_—— =, ~= as well as
gu.T’D gg: 'YDa s

will have permanent probability distributions. That is, if the gage
height record may be taken as a stationary time series, the statistical
properties of the force record also will be permanent. Hence we may
avoid history and hydrodynamics by writing

{max} Ym;:( { 1} {n} {EF)} ..... e, (12)

in which the braces are used (unconventionally) to meam the probability
distribution of the quantity enclosed.

Let us compare these variables for two cases, model m and prototype p.
If the model is built to the proper length scale ratio and the model sea
is similar to the prototype sea,

b.] = Blp ................ e, ..(13)
{%}m - {3 ...... e s (14)
{E}T{?} ’igr} ................. R (15)

{ T} ﬁff ........ s e (16)

a3 .
D }m will not be exactly equal to {Fmax/yn?} .

Because of Ineq. (16) {F .

max
In what follows we shall assume that all the Reynolds numbers are large
enough and the structure blunt enough to make the inequality unimportant.

Then
F. 3!
{y‘“a"} {Y"l‘)‘;" .............................................. (17)

and if the right hand probability distribution is known, the probability

distribution of Fmax'p is obtained simply by multiplying the numbers on

the abscissa scale by the constant yDafp as indicated in Fig. 4. (In

the figure the measurements have beer grouped into eight class intervals.)

Then the distribution of Fmaxlp may be summed to get the cumulative

probability of the prototype force and answer the question of what force
will be equaled or exceeded five percent of the time.

Similar seas have been assumed. Now we must face the question of
how to identify statistically similar seas. The definition itself can
vary, depending on why they are defined. We are interested in making

(17) true when surface tension and viscosity are unimportant.

The first requirement is that Eq. (15) be satisfied, but it says
nothing about the sequences of changes in wave height. From a history
standpoint these sequences have an important influence on the force
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H
distribution. Hence {E;s} is a necessary but insufficient index for

similar seas and an equation involving differentials such as

2 oD 2 ;02
(H,-H,) /¥ ) (H,-H, Y /Ha}

e (18)
2 s 2 2 2
(cj~t.1) /T2 n (cj-ci) /T?

is indicated. Wave j follows wave 1i.

Moreover, since Eq. (14) scales the structure to the waves it does
not pertain to identifying wave similarity only. Hence for sea simi-
larity an equation such as

{Ha/}?}m = {Hz/}?’}p Y ¢ L°D

is more appropriate. Thus for the present purpose, similar seas probably
exist if Eqs. (15), (18), and (19) are satisfied. Experimental data

are required to find if they are adequate or not. For example, altho

the orientation of the structure with respect to the dominant wave direc-
tion presumably is part of the modeling, no account has been taken of

the directions of component waves in the description of the sea.

In addition to dimen-
sional analysis and hope-
fully some physical insight

in the choice of dimension- )
less variables, the writer 2
has used two rather self- 2 0.25 J
evident requirements if 8
force and wave height records w 0.20 _
from one situation are to be a
used to find forces in o 0.15 J
another: “
(a) The wave records ¥ o.10 =
at the two locations must o
have certain similarities. 9 0.05 —
(b) The structure size o F
must be scaled to the wave g 0.0 T T I max
size, Eq. (14). 0 0.2 0.4 0.6 OT; vD?

These conditions are no dif-
ferent from the ones required F

in the case of regular waves, 57 3B 6% max|p
Eq. (10), for which wave

similarity is implied by a

ckoice of h/D, H/D, and Fig. &4

H/gT?.
For regular wave problems engineers use data from tests containing
a range of dissimilarities, get a range of coefficients of some sort,
and use average coefficient values to calculate approximate forces. Some-
times they calculate extremes to find how much error may be involved.
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If similarity requirements are ignored, corresponding errors will

occur when statistical quantities, such as probability distributions, are
used for analyzing irregular wave and force measurements. To isolate
variations due to scale differences, one might well test several sizes

of pile, for example, as Wiegel [7] did, but test them simultaneously

in the same wave environment.
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Notation
A = cross-sectional or wetted area
b = amplitude of a harmonic or periodic motion
C = dimensionless force coefficient

CA = added mass coefficient--irrotational motion
CD = velocity coefficient--~unsteady motion
CH = history coefficient
CM = inertia coefficient
Cv = steady state drag coefficient
D = diameter or other significant length
F = force exerted by fluid
max maximum fluid force in repetitive motiom or when a wave passes

= force-variation coefficient

acceleration of gravity

wave height

= water depth

subscripts to indicate one wave and the next

= mass of fluid displaced by a body; also subscript indicating model
subscript indicating prototype

displacement during repetitive motion

period of a repetitive motion or time interval between waves
= time at which force is calculated or measured

velocity of fluid particle

speed of body

#

<glet =UIT BG T X0Q
nou

1

= (2p /poD?)*

= specific weight of fluid

viscosity of fluid

= density of fluid

frequency, radians/second

time during history of motion--an integration variable
space derivative operator

#

qA Qo E<XK
[

indicate probability distribution of the quantity enclosed

=
[
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CHAPTER 100

MATHEMAT1CAL MODELING OF LARGE OBJECTS 1N
SHALLOW WATER WAVES AND UNIFORM CURRENT
by

Hsiang Wang

University of Delaware, Newark, Delaware

Abstract

A mathematical model is presented which portrays the physical
system of a large axially symmetric structure in a flow field of
finite water depth, large amplitude wave and strong current. The
flow field, which enters as the input, is derived from a velocity
potential similar to that of the cnoidal wave of Keulegan and
Patterson. The inclusion of a uniform velocity in the derivation of
velocity potential results in a cross interference term in addition
to the well known Doppler shift effect.

The numerical results are compared with experiments on a bridge
pier (Ref. 6) which is partially cylindrical with base diameter
equivalent to 100 feet in prototype; close to the surface, where the
wave action is greatest it is conical. These results are also com-
pared with theoretical calculations based on linear wave theory and
fifth~order wave theory. It is concluded that the results based on
the modified cnoidal wave theory come closest to the experimental
value.

Introduction

A computer simulation is developed which portrays the physical
system of an arbitrarily shaped large structure situated in a flow
field where the water depth is finite, the wave is large and the
current is not negligible. The structure is large in the sense that
its charcteristic length is at least the same order of magnitude as
wave length; the wave is large and the water is shallow in that the
ratio of wave height to water depth is not infinitesimal. While the
presence of a large structure causes wave reflection and diffraction,
the existence of a uni-directional current results in the modification
of the wave kinematics and, possibly, causes wake formation. As a
consequence of large amplitude waves, the convective inertia cannot
be neglected. The combination of a large amplitude wave and a large
object makes it necessary to compute the wet line around the structure.
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The present study is motivated by an earlier experimental work
(Wang, 1970). Those laboratory measurements were performed to deter-—
mine pressures, forces and moments exerted on a large bridge pier.
This bridge pier had a cylindrical base and a conical top. When
converted from a model into a prototype, such a bridge pier, with a
base diameter of 100 feet, would be situated in water 100 feet deep
with waves up to 25 feet and current up to 8 knots. The experimental
results were later compared with theoretical calculations based on
linear wave theory (MacCamy and Fuch, 1954) and on fifth-order wave
theory (Clavier, 1967). The comparisons were unfavorable as both
theories yielded much too small maximum horizontal forces and moments
compared to the experimental values. Since physical situations
similar to those described are quite common in engineering, a better
predictive technique is, therefore, attempted.

The incoming wave field, in the absence of objects, is first
derived from the cnoldal wave of Keulegan and Patterson (1940)
incorporated with the effect of a uniform current. The incorpora-
tion of a current is not a trivial task as non-linear interaction
occurs which results in dispersions of both wave amplitude and wave
length.

Since the obstacle is not necessarily in cylindrical shape, the
outflows created by the obstacle cannot be expressed in terms of
known functions such as Bessel functions of the second kind used by
MacCamy and Fuch. A near field wave is sought through Taylor's
expansion of wave potential at the obstacle. The outflow potential
at the obstacle 1s then expressed in terms of inflow wave potential
and its derivatives normal to the object. The normal derivatives
are introduced to fulfill the non-linear free surface condition,
Physically, one can reason that the scattering of an incoming wave
at a distance should be proportional to the variations of the
incoming wave from the distance to the object.

Because of the complicated nature of the problem a computer
program is developed using the Burroughs 5500 to facilitate numerical
computations of pressure distributions, forces, and moments exerted
on the structure.

Incoming Flow

In this section we shall seek a solution for surface waves of
finite height superimposed on a uniform current in water of finite
depth in the absence of the obstacle. Flow characteristics derived
from the wave field will be used as the incoming flow conditions.

General Equations

It will be supposed that the velocity field is irrotational
and the fluid is incompressible:

q = v (1)
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and

Pt =0 @)

>y . , . .
where u' is the velocity vector and ¢' is the corresponding velocity
potential.

A solution of ¢' will be sought that satisfies the appropriate
boundary conditions. Referring to Fig. 1 where the uniform velocity U
is oriented into the positive x—direction, we can separate the velocity
potential ¢' into two parts:

-4 =Ux - ¢ 3

where ¢ is the unsteady part of the velocity potential. Then, we have

0! =U -4 =U+u %)

and

_¢'

y S Ty TV %)

where the subscripts refer to derivatives (as will be used throughout
this paper) and where u and v are time-periodic velocities in the x
and y directions, respectively.

The boundary conditions to be satisfied are at the surface, i.e.,
y=n+h

2 _ _ 1.2 2y .

o= B - h) e+ Vs - 36+ 40) = 0 (6)
and

S ly-m+al=0 ™

dc y n

where n is the free surface variation with respect to the calm water
and

a4 .3 .
(—i?-—at'f'vd)v (8)

and at the bottom, y = 0

¢ =10 9

For shallow water waves, we adopt for the potential ¢ the power series
(Keulegan and Patterson, 1955):

o=1 o3% 4 =0 (10)
n=0
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Substituting this expression for ¢ in Eq. (2), the following series is
obtained

ZE, 82 o 4 84 o 15.36¢
¢ = o 2! ¥x + %% T 6! 5;39‘+ ot an

Differentiating with respect to y,
2 5 .6
_.Q=_ £ _Y_._.a.gg
thren iy STt 12)
The function ¢0 is a function of x and t only.

First Order Solutions

If the velocity square terms in Eq. (6) are negligible in com-
parison with gh and the expansions in Eqs. (11) and (12) are cut
short at the first term, wave equations of the first order can be
derived. Since (in our case) we are not particularly interested in
infinitesimal waves detailed presentations of first order appromi~
mation are omitted. It is sufficient to point out that, to the first
order, the effect of a uniform stream superimposed on a wave field is
the well-known Doppler shift, i.e.,

C,=U+C, =Ut/gh (13)

and

]

w; o + kU (14)
where C is the apparent wave celerity with current
C is the wave celerity with no current and is equal to
/gﬁ for the shallow water cause
w, is the apparent wave frequency with current
¢ is the wave frequency with no current
k is the wave number which remains unchanged with and without
the current.

Second Order Solutions

When the ratio of wave height to water depth becomes appreciable,
such as the present situation, first order approximation is no longer
satisfactory. Second order approximation is sought, therefore.
Retaining two terms in Egs. (11) and (12) and substituting them into
Eqs. (2), (6), and (7), the following set of equations are obtained:

8+ Loyn - oy By 2 <1+—> "’ 4= (s

and
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