
 
 

performed the best for suctions of 10, 33, and 100 kPa and Rawls et al. (1982) PTF performed 

the best for suction of 1500 kPa.  

Table 3. Evaluation indices for point PTFs 

Suction (kPa) PTF MSE RMSE R
2
 

10 

Hall et al. (1977) 0.0047 0.069 0.724 

Gupta and Larson (1979) 0.0029 0.053 0.834 

Rawls et al. (1982) 0.0043 0.065 0.752 

Tomasella and Hodnett (1998) 0.0050 0.071 0.708 

33 

Gupta and Larson (1979) 0.0027 0.052 0.89 

Aina and Periaswamy (1985) 0.0039 0.062 0.85 

Beke and MacCormick (1985) 0.0052 0.072 0.80 

Tomasella and Hodnett (1998) 0.0034 0.058 0.87 

100 

Gupta and Larson (1979) 0.0033 0.057 0.84 

Rawls et al. (1982) 0.0043 0.065 0.79 

Tomasella and Hodnett (1998) 0.0063 0.079 0.70 

Reichert et al. (2009) 0.0202 0.142 0.69 

1500 

Hall et al. (1977) 0.0015 0.039 0.84 

Rawls et al. (1982) 0.0013 0.036 0.86 

Marique et al. (1991) 0.0015 0.039 0.84 

Dashtaki et al. (2010) 0.0017 0.041 0.82 

 

The performance of using Gupta and Larson (1979) PTFs for suctions of 10, 33 and 100 kPa 

and Rawls et al. (1982) PTF for suction of 1500 kPa to estimate the SWCCs for three soils are 

shown in Figure 6. The properties of the three soils are summarized in Table 4. In Figure 6, the 

curve is obtained by best-fitting Fredlund and Xing (1994) equation (solid line) and van 

Genuchten (1980) equation (dotted line) to the four points. The PTFs provide good estimates of 

the water contents at 10, 33, 100 and 1500 kPa. Soils 2361 and 1360 are fine-grained soils while 

soil 4560 is a coarse-grained soil. Good estimate of the SWCC is obtained using the four points 

for the fine-grained soils (Soils 2361 and 1360) but the estimate of the SWCC for the coarse-

grained soil (Soil 4560) is only good at suctions greater than 10 kPa. There is a big change in the 

SWCC for Soil 4560 from 0 to 10 kPa suction and it is reasonable to expect that the best-fitted 

Fredlund and Xing (1994) equation cannot provide a good estimate the SWCC in this suction 

range without any data points.  
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Figure 2. Measured and estimated water content using point PTFs at suction of 10 kPa: (a) 

Hall et al. (1977), (b) Gupta and Larson (1979), (c) Rawls et al. (1982), and (d) Tomasella 

and Hodnett (1998). 

 

 

Figure 3. Measured and estimated water contents using point PTFs at suction of 33 kPa: (a) 

Gupta and Larson (1979), (b) Aina and Periaswamy (1985), (c) Beke and MacCormick 

(1985), and (d), Tomasella and Hodnett (1998). 
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Figure 4. Measured and estimated water contents using point PTFs at suction of 100 kPa: 

(a) Gupta and Larson (1979), (b) Rawls et al. (1982), (c) Tomasella and Hodnett (1998), and 

(d) Reichert et al. (2009). 

 

Figure 5. Measured and estimated water contents using point PTFs at suction of 1500 kPa: 

(a) Hall et al. (1977), (b) Rawls et al. (1982), (c), Marique et al. (1991), and (d) Dashtaki et 

al. (2010). 
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Table 4. Properties of three soils from UNSODA used for estimation of SWCC with four 

SWCC points from PTFs 

Soil Void Ratio d (Mg/m
3
) Sa (%) Si (%) Cl (%) 

2361 1.257 1.280 8.0 36.0 56.0 

1360 0.813 1.500 15.7 40.8 43.5 

4650 0.613 1.622 92.0 7.0 1.0 

 

 
Figure 6. Estimation of SWCC using four estimated SWCC points from PTFs and 

Fredlund and Xing (1994) equation (solid line) and van Genuchten (1980) equation (dotted 

line). 

 

 

CONCLUSION 

 

Point pedo-transfer functions (PTFs) are commonly used in soil science and agriculture to 

estimate the water content at suctions of 10, 33, 100 and 1500 kPa. However, point PTFs are not 

commonly used in unsaturated soil mechanics. In this paper, a number of point PTFs (9 PTFs for 

10 kPa, 15 PTFs for 33 kPa, 5 PTFs for 100 kPa and 18 PTFs for 1500 kPa) was evaluated using 

60 soils from Andersson and Wiklert (1972), 60 soils from Jauhiainen (2004) and 130 soils from 

UNSODA (Nemes, et al., 2001). The evaluation results show that Gupta and Larson (1979) PTF 

performed well at suctions of 10, 33 and 100 kPa while Rawls et al. (1982) PTF performed well 

at suction of 1500 kPa. Using these point PTFs, a quick estimate of SWCC can be obtained using 

Gupta and Larson (1979) to estimate the water contents at suctions of 10, 33 and 100 kPa and 

Rawls et al. (1982) PTF to estimate the water content at suction of 1500 kPa as illustrated for 

three soils. The estimated SWCCs have a good agreement with the experimental SWCC for 

suctions between 10 and 1500 kPa. Such point PTFs provide an alternative method to obtain the 

SWCC and should be further explored in unsaturated soil mechanics.  
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Abstract 

  

The soil water retention curve (SWRC) is a key constitutive relationship describing the behavior 

of variably saturated soils. Further insight into this behavior can be gained by studying the role 

of capillarity on pore adsorption. In this study, we employed a multi-phase lattice Boltzmann 

method (LBM) to investigate the effects of initial fluid density distribution on the capillary 

response of the system. The multi-phase LBM model was first validated against benchmark 

problems and was then employed to simulate a static particle array. The SWRCs were generated 

by recording the liquid pore pressure and the degree of saturation within a porous medium 

subjected to imbibition for two cases of initial fluid density distribution: randomized fluid 

density simulation (non-unified wetting front) and droplet simulation (unified wetting front). The 

results showed that the unified nature of the wetting front has a direct influence on the magnitude 

of the peak capillary response of the soil skeleton. The multi-phase LBM method is shown to be 

a promising tool to characterize capillary regime in partially saturated porous media. This 

modeling tool can be considered for future multi-scale numerical studies of multi-phase flow 

within porous media. 

 

INTRODUCTION 

  

The Soil Water Retention Curve (SWRC) is a key constitutive relationship for describing the 

behavior of variably saturated soils. The principal experimental approach for geotechnical and 

groundwater applications is developing the SWRC under inhibition and drainage conditions. The 

retention curves obtained in such experiments stem from complicated interactions among the air, 

water and solid phases that are difficult to quantify experimentally, even using modern 

tomographic imaging technology. Numerical simulations can offer an effective supplement to 

physical experiments whereby the multiple interactions among phases can be quantified 

simultaneously.  
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The lattice Boltzmann method (LBM) is growing in popularity for modeling flow in 

granular soils and is particularly attractive when coupled with the discrete element method 

(DEM) (Cundall and Strack 1979), which adds the ability to quantify interparticle stress. One of 

the main advantages of using this method is the ease at which one can generate models 

representing processes and effects at the molecular scale such as those producing phase 

separation and immiscibility. Coupling the LBM model with the DEM model allows local 

determination of the interparticle and fluid-particle interactions, thus creating a trajectory to a 

constitutive micromechanical model of unsaturated soil. Successful examples of such a coupled 

DEM-LBM model have been presented recently in the geomechanical literature (e.g., Lomine et 

al. 2013, Sun et al., 2013, Han and Cundall 2013, Johnson et al. 2017a, 2017b).  

Galindo-Torres et al. (2016) performed a study exploring the LBM behavior by 

numerically simulating the SWRC in a small volume as proposed by Schaap et al. (2007). They 

proposed that the numerical simulation of the SWRC is unreliable due to the sensitivity of the 

functions to variations in initially imposed fluid conditions.   

The main objective of this work is to investigate the effects of initial fluid density 

distribution on the capillary response of the system. For this purpose, a multi-phase LBM is used 

and validated against benchmark problems. The model is then employed within a static particle 

array generated by the DEM to isolate the effects of initial density distribution. Two cases 

include a randomized fluid density simulation (non-unified wetting front) and a droplet 

simulation (unified wetting front). The static particle configurations in this study afford an 

opportunity to examine the capillary behavior and to quantify changes in capillary response 

stemming from the shape of the wetting front. 

 
Figure 1. D3Q15 lattice velocities of the LBM 

 

MULTI-PHASE LATTICE BOLTZMANN MODEL 

 

The LBM models proposed by Shan and Chen (1993, 1994) (S-C) and Martys and Chen (1996) 

are used in the present study. These numerical representations are useful for modeling the SWRC 

because they model the liquid-vapor phase interface based on repulsive interactions between the 

fluid molecules themselves, independent of solid contacts and fluid-particle interaction. A multi-

phase extension of LBM provides a valuable numerical model for soil specimens subjected to 

external forcing conditions (Schaap et al. 2007; Galindo-Torres et al. 2016).  
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Fluid cohesion 

 

LBM models fluid cohesion in multi-phase flows by introducing interaction forces between the 

particles of fluid. The governing force on the fluid particles in absence of solid boundaries or 

obstacles is comprised solely of attractive (cohesive) forces between the fluid particles presented 

in Equation (1). The attractive force is based on an “interaction potential”   which is 

proportional to the density of fluid in a fluid cell under examination, as given by Equation (2).           ∑                                                          (1)        (    )                                                         (2) 

where    is a parameter representing strength of cohesive interaction,    is the weighting   

coefficient for i
th

 direction (Equation 1),    is the lattice coordinate,    is the LBM timestep,    is 

the fluid velocity in the i
th

 direction as shown in Figure 1, and    and   are interaction potential 

parameters. (Equation 2) The sum is performed over all neighboring cells. Time evolution of a 

density in a single- phase LBM fluid is shown in Figure 3. 

 

 
Figure 2. 3D single particle simulation showing the adhesion behavior of the fluid (purple) 

to the solid particle and to the solid walls of the specimen. 

 

Fluid-solid interaction 

 

In the presence of a solid boundary or particulate obstacle, the attractive (adhesive) force 

between the fluid and solid particles is given by           ∑                                                           (3) 

 

following the same form as Equation (1), where s is a Boolean variable with respect the presence 

of solid in the LBM cell, and    is a parameter representing strength of adhesive interaction. 

 

External force 

 

An external force is incorporated as                                                                         (4) 
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where g is a body force that is equivalent to the gravitational acceleration for a system in the 

gravitational field and   is the density of the fluid phase. After all contributing forces are added 

to the total force on a fluid particle, the velocity of the fluid particle is updated as follows                                                                       (5) 

 

where   is the weighted fluid velocity given by Equation 7 and   is the total force on the fluid 

particle. Time evolution of a single-component 3D LBM system under gravity is shown in 

Figure 2. 

 

 

 
Figure 3. Simulation beginning with fluid density distribution randomized at initialization 

(red). As the simulation progresses, the intermolecular attractions of the fluid cause 

cohesion as shown. 

 

Repulsion between two phases 

 

A multi-phase fluid in the lattice Boltzmann model is represented by introducing additional 

density distribution for each additional fluid component. In case of a two-phase system, the 

densities of individual components are marked    and   . Each fluid component has its own    

and    coefficients as described earlier by Equations (1) and (3). Furthermore, the two fluid 

components are also under the influence of a repulsive force: 

            ∑                                                            (6) 

 

where strength of the repulsive interaction is characterized by a coefficient   . Total effective 

velocity of a mixture is calculated as a weighted sum of individual fluid velocities 
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